Here, we study thermodynamic self-assembly of a family of truncated tetrahedra and report several atomic crystal isostructures, including diamond, β β-tin, and highpressure lithium, as the polyhedron shape varies from tetrahedral to octahedral. We compare our findings with the densest packings of the truncated tetrahedron family obtained by numerical compression and report a new space filling polyhedron, which has been overlooked in previous searches. Interestingly, the self-assembled structures differ from the densest packings. We show that the self-assembled crystal structures can be understood as a tendency for polyhedra to maximize face-to-face alignment, which can be generalized as directional entropic forces. Here we investigate the influence of shape on particle self-assembly and show that small changes in shape of hard polyhedra can suffice to produce a range of colloidal crystal structures whose rich complexity rivals that of atomic analogues, without the need for mixtures or attractive interactions. To demonstrate this, we study via computer simulation assemblies and packings of hard tetrahedra as their corners are increasingly and symmetrically truncated until the particles become octahedra. In addition to bodycentered cubic and quasicrystalline structures, we report a space-filling polyhedron forming β-tin, a densest packing for the Archimedean truncated tetrahedron into α-arsenic, and the self-assembly of crystals isostructural to diamond and high-pressure lithium. We show that in all cases the assembled structures favor face-to-face alignment, and, building on earlier concepts of entropy-driven phase transitions, 4,5 we introduce the notion of directional entropic forces for hard particles in analogy with controlled entropic forces in systems of colloids and with directional enthalpic forces in molecular and We use Monte Carlo computer simulation as in Ref.
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with densities of at least φ max = 82% indicates that these shapes are generally efficient packers. They pack much better than spheres, which have a maximum packing density of only 74%. The number of particles per primitive unit cell jumps from n = 4 for weakly truncated tetrahedra (t < 0.27), to n = 2 for intermediate cases (0.27 < t < 0.93), and finally to n = 1 for strongly truncated tetrahedra resembling octahedra (t > 0.93). This decrease in n is expected because shapes tend to pack into simpler configurations with fewer particles per unit cell if they are more centrally symmetric. 24 We observe that neighboring particles always pack face-to-face with at least partial registry. For n = 2, the orientations of the two truncated tetrahedra are related by inversion. For n = 4, the particles form two dimers which are again related by inversion.
A further classification is possible by studying the geometry of the primitive unit cell with varying t. We observe that the unit cell of the densest packing shears smoothly with t when contact points between neighbors can be maintained and slide along the New packings appear for t = 1/2 and t = 2/3, both local maxima of φ max (t) in Fig.   1b . The STT at t = 1/2 ( Fig. 2d ) has φ max (t) = 1 and is therefore space filling. The centroids of the STT form the β-tin structure ( Supplementary Information, Fig. S1 ). The exact analytical positions and orientations of the STT in this structure are given in Table   S1 . It appears the STT tiling has been missed in previous searches 27 and thus the STT is a previously unrecognized space-filling polyhedron. Given the simplicity and high symmetry of the STT and the sparsity of space-filling polyhedra in general, this discovery is unexpected.
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The importance of the packing at t = 2/3 lies in the regularity of the ATT. As an Archimedean solid, the ATT has four regular hexagonal faces and four regular triangular faces. Based on the findings in our simulations, we analytically construct an ideal tiling of ATT with packing density φ max = 207/208 (Fig. 2e) . A similar packing density has also recently been reported 28 in parallel to this work. Other previous studies have reported packings with densities φ max = 23/24 24 and φ max = 0.988… 29 for the ATT. Although the number of the densest ATT packing is surprisingly close to 1, the ATT does not fill space because of the appearance of small tetrahedral voids with edge length σ /9. The centroids of the ATT form the α-arsenic structure (Fig. S2) . The exact analytic construction of the ATT packing is given in Table S2 .
Self-assembly of crystal structures. Next we study the self-assembly of hard truncated tetrahedra into crystals starting from the disordered fluid phase. We choose a truncation t and an initial packing density φ for a constant volume Monte Carlo simulation and simulate for 20-100 million of Monte Carlo cycles. The lowest packing density where we observe crystallization, φ c , is shown as the lower curve in Fig. 1b .
Crystallization does not occur on the timescale of our simulations in the region 0.8 < t < 0.85, indicating that either the nucleation rate is extremely low, or crystals are not possible. For all other ranges of t between 0 and 1, we repeatedly observe nucleation and rapid growth of single-crystal phases spanning the whole simulation box. We find that φ c varies between 0.5 and 0.63 depending on shape and increases towards the boundaries of the stability regimes.
Five crystal structures spontaneously self-assemble in our simulations as t is increased from zero. Over a considerable range of truncation (0 ≤ t ≤ 0.45), the particles order into a dodecagonal quasicrystal (Fig. 3a) . This shows that the quasicrystal reported previously with regular tetrahedra 7 is robust and forms even with truncated particles. However, as t increases towards 0.5, crystallization slows and the quality of the quasicrystal deteriorates. For 0.5 ≤ t ≤ 0.8, the diamond structure assembles from the fluid. Nucleation is fast and crystal growth is robust enough to obtain defect-free single crystals routinely with thousands of particles (Fig. 3b) . Towards the higher end of this range of t, the cubic unit cell of diamond compresses along one direction to form the Strongly truncated tetrahedra with 0.85 ≤ t < 0.95 assemble into a cubic phase isostructural to high-pressure lithium. 30 The lattice is bipartite and comprised of two identical but intertwined sublattices, as indicated by the coloring in Fig. 3c . Although the structure is complex with 16 particles in the unit cell, perfect single crystals assemble easily from the fluid (Fig. S5 ). To our knowledge, crystals with such a high number of particles in the unit cell have so far not been reported for hard particles in the literature.
For nearly perfect octahedra (0.95 ≤ t ≤ 1), the body-centered cubic (bcc) lattice is observed at low density ( Fig. 3d ). This is expected because nano-octahedra with shortrange repulsive interactions self-assemble into bcc.
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It is interesting to note that the densest packing is different from the stable phase nucleating from the fluid (Fig. 1b) . We do not find even one value for the truncation parameter t, where the densest packings and assembled crystals are identical. Even in the case of perfect octahedra, the bcc crystal at low density transforms into a rhombohedral lattice by a slight shear along the [111] direction. This indicates that the self-assembly of hard truncated tetrahedra, and possibly of a large class of polyhedra, cannot be viewed as a packing problem alone. We further observe that the self-assembled structures typically have higher crystallographic symmetry (tetragonal, cubic, dodecahedral) compared to their corresponding densest packings (triclinic, monoclinic, tetragonal, orthorhombic) and have more face-to-face orientations between nearest neighbors.
Directional entropy. Indeed, face-to-face arrangements appear to be a key motif in the self-assembly of hard polyhedra. The crystals we observe can be grouped into three pressure lithium phase has recently also been observed with attractive octahedral nanocrystals, 32 which demonstrates that in this example changing the shape of the octahedron to a truncated tetrahedron has a similar effect on the preferred crystal structure as turning on an attractive face-to-face interaction. In bcc, the higher equivalence of triangle and hexagon faces facilitates two types of face-to-face orientations (Fig. S6) , explaining the transition from high-pressure Lithium to bcc for increasing values of the truncation parameter.
At the other extreme, the dodecagonal quasicrystal can be understood as a tetrahedral network of pentagonal dipyramids. 7 It occurs for particles with shape most closely resembling the tetrahedron and is dominated by triangular face-to-face contacts that produce dimers arranged in stacks of pentagonal dipyramids and 12-member rings.
Shapes intermediate between the tetrahedron and the octahedron form a range of carbonlike structures, including diamond, β-tin, and α-arsenic, with strong face-to-face alignment of hexagonal facets. In contrast to the tetrahedral network, neighboring faces are now rotated by 180 degrees relative to each other, which permits a higher contact area for these truncations (Fig. S3 ).
Thermodynamic systems minimize free energy at equilibrium; when interactions are absent, entropy is maximized at fixed volume. The favoring of face-to-face orientations provides insight into how entropy is maximized by the structures we observe.
Consider the well-known, isotropic-to-nematic transition in hard rods. 4 At sufficiently high packing densities, parallel alignment increases the translational entropy of the system at the expense of rotational entropy, producing the nematic phase. 5 Simple analogy suggests that polyhedra should likewise prefer to align with faces parallel, in agreement with our observations. Competition among different types of faces, as in the present family of polyhedra, can lead to complexity of structure.
Conclusion.
Our simulation results constitute the first report of the self-assembly of complex crystal structures from the fluid phase with hard particles. The findings can be explained by a preference for face-to-face alignment in systems of hard, faceted objects, which suggests considering entropic forces as directional in such systems, since they increase with contact area between neighbors 3 and thus act strongest perpendicular to the faces. In this sense, directional entropic forces in hard particle systems act like attractive interactions in systems of patchy particles, or like depletion interactions in mixtures of large and small particles, which can be controlled by shape 17, 33 and roughness. 34 Our results suggest that particle shape can produce entropic "patchiness" just as patterning can produce interaction patchiness 35 and that bond geometries in patchy particle systems can, in principle, be imitated by shape, providing additional strategies for building block design.
A recent example of directional entropic forces in colloids are dimpled "pacman" particles, 33 in which the dimple shape and entropic depletion forces control particle binding. The use of depletants with polyhedral particles should provide an even greater variety of ordered structures, obtained then by entropic patchiness arising both from facet alignment and anisotropic depletion.
Methods.
Simulations. Our numerical tools are isochoric (constant volume) and isobaric (constant pressure) Monte Carlo simulations similar to the ones employed in Ref. 6 . Update steps consist of arbitrary translation, rotation and box shearing moves.
Step sizes are chosen to achieve an average acceptance probability of 30%. While the simulation box is in a, b, c, d ). The relation between the quaternion and the rotation matrix is:
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